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Here we consider the  genera l  case of the  Krylov-Bogolyubov method 
appl ied to the mot ion  of charges in a r e l a t i ve ly  strong homogeneous 

m a g n e t i c  f ie ld  together  with a cer ta in  smal l  perturbat ion,  whose form 

is not specif ied but which may  be dependent  on a l l  three  spa t ia l  coor-  

d ina tes .  We use a cy l ind r i ca l  coordinate  system (r.  ~a, z) ,  w i th the  z - ax i s  
pa ra l l e l  to the strong f ield.  It is shown tha t  the problem may  be reduced 

to solut ion of a quas i -ha rmon ic  equat ion  whose coef f ic ien ts  are depend-  

ent on two slowly varying parameters ,  whose var ia t ions  are described by 

two independent  f i rs t-order  equations.  The three equations form a sys- 

t em to which we may  apply the usual methods of the asympto t ic  theory 
of nonl inear  osci l la t ions ,  in par t icular  the method of solution described 
in [1] (w of chapter  III). 

We assume that  the components  of the m a g n e t i c  f ie ld  may  be ex-  
pressed as 

H~ = H o  [1 + ~h z ( r , %  z)], 

H r = eH0h r ( r , %  z), H~ = e H o h ~ ( r , %  z ) .  

We substi tute these into the equat ions for the mot ion  of a charge  e 

having  a mass m and put to o = eH0/mc to ge t  [2] 

r'" - -  r ~  "~ = - -  o~ {r~" + e ( rT 'h  z - -  z'h~)}, 

d 
(r2cp ") = 03o {rr" + sr  (z 'h r -- r 'h z)y. 

We put 

qr = V2o0 + 0 / r  ~, (1) 

in  which 0 is a new unknown function; then  (1) becomes  

r " +  r / , o o ~ r -  ON/ rs = e o o  {vh~ - -  r ( rhoo  + O / r  s) h,} 

0 " =  eO~or (vh r - -  r'hz) , 

v" = 801o {r (1/2 01o -[- 0 / r z) h r - -  r'h~} (u =-- z ' ) .  (2) 

This shows tha t  0 and v are s loMy varying functions of ~ime. It  is 
read i ly  shown that  O is constant  a t  I /2wo(p  z --  c~) for a constant  h o m o -  

geneous f ield,  in which p is the Larmov radius and d is the dis tance  from 

the center  of that  orbit  to the z axis.  Figure 1 shows tha t  the  change  in  

over a short t ime  is 

AV = @ A~ cos a = p (p + r cos ~p) . 

We then m a k e  the substi tution r z = pZ + d z + 2 pd cos $ and some 

e l emen ta ry  t ransformations to ge t  

+ - - W - - )  (o0 + P )  (3) 

0 = V2(~o (p* - -  d ~) + P" p (p + d cos@). (4) 

We isola te  from 9~ the rapid ly  varying part • = are sin(p sin S/r)  

and denote  ~o _ X by ~. Then (3) allows . s  to show tha t  

r 1" = r -2 (pd" -- p'd) s i n * ,  

so to an accuracy  of the first order we have  

p'd - -  9d" 
~1 = ~ + ~0- - -~  "--- In r , (5) 

in which o is an arbi trary constant,  which may ,  however,  be taken  as 

less than 27r. This means  that  ~ = o + X(~O) within the framework of the 

first approximat ion ,  s ince a l l  t e rms  dependent  on 9~ i n  the  equations 

of mot ion  are mu l t i p l i ed  by s, while  the second t e rm on the r ight  in 

(5) may be disregarded,  provided tha t  r does not b e c o m e  zero; to a v o i d  

the  la t ter ,  we must  rule out the case ip - d]~<s,  s ince r ~ e f o r  IP -- 

- dl ,~ ~, whi le  the second term on the r igh t  in (5) s t i l l  remains  of or-  

der e i n ~ .  

Then ~o on the r ight  in  (2) may  be rep laced  everywhere  as follows: 

= a  + arc s in  [p s i n ~ /  r ] .  

It is often more  impor tan t  to know how the parameters  of the m o -  

t ion vary with z (not with t), so we convert  in (2) from di f ferent ia t ion  

with respect  to t to d i f fe ren t ia t ion  with respect  to z, denot ing the l a t -  

ter by a pr ime,  i . e . ,  r '  = &/0z ,  e tc .  Then 

r'" = r"v~ + r 'v ' ,  [ ~'v' I ~ I ~"v* I (~' - -  ~). 

Then the r '~ te rm in the first equat ion  of (2) should be  transferred 

to the right,  whi l e  4 is rep laced  by the r ight-  hand part  of the third equat ion  

in  (2). We also put fl(v) = w0/2v to get  in p l ace  of (2) 

[ 0 \  ~ I 

We now introduce instead of r a new function r re la ted  to r as 

follows: 

r = ] / p ~ + d ~ @ z  or T = 2 p d c o s ~ b ,  (7) 

in which in transferring to d i f ferent ia t ion  with respect  to z we put 

ap = :~ .Q (v) dz  + q,  (z),  
g 

in which ~(z) is a slowly varying funct ion of z. We put 

a = 2 p d ,  b =  p 2 q - ~ .  (8) 

We substi tute (7) into the first equat ion  in  (6) and d i f fe ren t ia te  

with respect  to z; a l l  sma l l  quant i t ies  are then  transferred to the right,  

and the equat ion is d iv ided  by 2r 2 = 2( r  + b), which g i v e s  

d 2 d 
"-~-z (x'" - { - ~ )  = - ;V--d~ z [rSsF ( ; . . ) ]  -+- 

l 
+ 6 -  (Q2), (1; - -  b) - -  b" - -  .o.~-b' q- - -  [ 0 ~  

2 
. r~ \ v2 1, (9) 

in  which P" is a smal l  quant i ty ,  s ince i t  must tend to  zero along with in  which e F ( . . .  ) is  the r ight  part  of the first  equa t ion  of (8). The de -  

s. Comparison of (3) with (1) gives  r iva t ives  of 0 and v are rep laced  by the r igh t -hand  parts of(6),  whi le  b may  
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be e l i m i n a t e d  v ia  (8) and (4), which gives 

b : b o - - 2  P'O {t  2 0 a \ 

0 ~ \'1~ 
. 

As P" is smal l ,  only cos ~ within the braces needed be dif ferent ia ted; .  

then near resonance,  where 022 -- u 2) is smaI i ,  we get  in the first ap-  

proximat ion  from (9) tha t  

d 2 d 
--d~ (r" + Q*-c) = 7 r  ~ [8.~F (. . .)] + 

1 bo'4- 2 ( 0 ~  + - ' ~  (~)' (T -- bo) -- , -~ \-~-] . (i0) 

The l inear i ty  of the lef t  s ide al lows us to solve the equat ion  by the 

usual  asymptot ic  methods,  i . e . ,  to put r = a cos ~ + s u l ( . . .  ) and 

find a and ~ - vz from 

da d(I) 
dz - -eAl(a '  v,O, ~), ~ = ~ ( v ) - - v + e B l ( a ,  v, O, 0) ,  (11) 

in which 27r/v is the period of the per turbat ion along the z axis. 

Equations (11) are solved together  with the equat ions describing 

the slow var ia t ion  in v and 0 ([1], w ch. III). The third order of (11) 
only s l ight ly  compl i ca t e s  the de te rmina t ion  of Al(a, v, 0,  ~)  and B(a, 
v, O, ~); there  are no other s igni f icant  changes in the ca lcu la t ion ,  
which is performed without  the assumption of pa rax ia l  mot ion  or of the 

smallness  of the energy of the transverse mot ion .  
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